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As a first step to generalize the structure of loop quantum cosmology to the theories with the
spacetime dimension other than four, the isotropic model of loop quantum cosmology in 2+1 di-
mension is studied in this paper. We find that the classical big bang singularity is again replaced
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2I. INTRODUCTION
Over the last few decades the three dimensional gravity has received increasing attentions. The reasons for this are
varied. It is well known that 2+1 dimensional vacuum Einstein gravity does not have any local degree of freedom.
This character is quite different from its 3+1 dimensional counterpart, which is featured by a wealth of local dynamics.
However, there still exist black holes solutions in 2+1 anti-de Sitter spacetime discovered by Banados, Teitelboim and
Zanelli[1]. These solutions possess certain features reminiscent of the 3 + 1 black holes. In addition, it is often useful
to consider a physical system in lower dimensions as done in quantum field theory and condense matter physics. Thus
it is reasonable to extend this procedure to gravity. In fact, due to the complicated natures of the 3+1 dimensional
gravity that a fully desirable 3+1 quantum gravity is still unavailable. However, since the 2+1 dimensional gravity
is relatively simple, one usually employs it to test the validity of quantization procedure, and it is believed that
three dimensional gravity will provide some new insights into a better understanding of the physically relevant four
dimensional gravity both at classical and quantum level.
Loop quantum gravity(LQG) is a theoretical framework trying to unify the principal of general relativity(GR) with
the quantum mechanics into a single consistent quantum gravity theory[2–5]. Many aspects of this theory have been
investigated these years. In particular, loop quantum cosmology(LQC), which is a symmetric reduction model of
LQG, becomes one of the most thriving directions of LQG recently[6–10]. One of the most attractive features of LQC
is that the cosmological singularity predicted by classical GR is now naturally replaced by a quantum bounce[11, 12].
Although LQC has made a lot of achievements, nowadays all the discussions are restricted to the four dimensional
spacetime . Hence it is interesting to investigate the issue of LQC with the spacetime dimension other than four. On
the other hand, 2+1 dimensional LQG has already been well established. Historically, 2+1 dimensional LQG was first
established by Ashtekar et. al. in 1989[13]. Afterwards many issues of this theory have been investigated, including
the length operator in 2+1 dimension[14], Statistical entropy of Euclidean BTZ black hole[15], and 2+1 dimensional
Euclidean quantum gravity[16]. Some 2+1 dimensional gravity models can even help us to resolve those problems
related to 3+1 dimensional gravity. For instance, the 2+1 dimensional Euclidean gravity coupled with a massless
scalar field can be related to the 3+1 dimensional static spacetime[17]. Moreover, the 2+1 dimensional cosmology is
a rather active topic both from classical and quantum perspective[18–21]. The purpose of this paper is to make a
first step to investigate the issue of the 2+1 dimensional LQC. In addition, the construction of the three dimensional
LQC will help us to answer the following interesting questions: Are there any quantities appearing in the evolution
equations of LQC being spacetime dimension dependent? Is there any universal property of LQC which is independent
of spacetime dimension? In this paper we shall give the detailed construction of LQC in 2+1 dimension and try to
give a tentative answer to these questions.
This paper is organized as follows: Section II is divided into two subsections. In subsection A, we first review
the classical connection formalism of 2+1 dimensional LQG, and then we use it to derive the cosmological Hamilto-
nian through symmetric reduction. While in subsection B, we start from the action of 2+1 dimensional Friedman-
Robertson-Walker(FRW) flat Universe, and obtain the corresponding connection formalism by Legendre transforma-
tion. In section III we construct quantum theory of 2+1 dimensional LQC and obtain the difference equation which
represents the evolution of the Universe. The effective Hamiltonian and the effective equations are obtained In section
IV and V respectively. Conclusions are given in the last section.
II. CLASSICAL THEORY
A. classical connection dynamics in 2+1 dimension
To make this paper self-contained, we first review some basic elements of classical 2+1 dimensional gravity. The
connection dynamics of 2+1 dimensional Euclidean gravity with a compact SU(2) guage group is obtained in [16],
while the Lorentzian theory with a real SU(2) connection can be realized byWick transform from Euclidean theory[22].
The difference is that the Lorentzian theory has more difficult Hamiltonian constraint, while the Euclidean theory
admits simpler constraints[22]. The Ashtekar formalism of 2+1 dimensional gravity constitutes a SU(2) connections
Aia and densitized dyad E
a
i = ǫ
abebi defined on an oriented two dimensional manifold S, where a, b = 1, 2 is the spatial
indices and i, j = 1, 2, 3 denotes SU(2) indices. The commutation relation for the canonical conjugate pairs satisfies
{Aai (x), Ejb (y)} = κγδji δabδ(x, y) (2.1)
The 2-metric reads hab = e
i
aebi. Moreover, the densitized dyad E
a
i satisfies hh
ab = Eai E
ai, where h is the determinant
of the 2-metric hab. The 2+1 dimensional gravity also has three constraints similar with 3+1 dimensional general
3relativity[16, 17]
Gi = DaE
a
i (2.2)
Va =
1
κγ
F iabE
b
i (2.3)
Hgr =
ǫijkEai E
b
j
2κ
√
h
F kab − 2(γ2 + 1)
Ea[iE
b
j]
2κ
√
h
KiaK
j
b (2.4)
where κ = 8πG. Note that the Hamiltonian constraint (2.4) is different from that in [22] with a factor 1√
h
. This is
because we want to make the constraint density wight one and thus have a chance to be densely-defined diffeomorphism
covariant operators as explained in[3, 16]. Now we consider an isotropic and homogenous k = 0 Universe. we choose a
fiducial Euclidean metric oqab on the spatial slice of the isotropic observers and introduce a pair of fiducial orthnormal
dyad and co-dyad as (oeai ,
oωia) respectively such that
oqab =
oωia
oωib. Then the physical spatial metric is related to the
fiducial by qab = a
2oqab, and its line element can be described by the 2+1 dimensional Friedman-Robertson-Walker
(FRW) form
ds2 = −N2dt2 + a2(t) (dr2 + r2dθ2)
where a is the scale factor. The densitized dyad Eai = pV
− 1
2
0 ǫ
aboωb,i and spin connection A
j
b = cV
− 1
2
0
oωjb . By using the
classical expression and comological line elements, one can easily yield p = a, and c = γa˙. These canonical variables
satisfy the following commutation relation
{c, p} = κγ
2
(2.5)
For our cosmological case, Gaussian and diffeomophism constraints are satisfied automatically. For the gravity part
of Hamiltonian constraint, we use the similar strategy in[6], i.e. KKEE term is proportional to FEE term, hence,
the Hamiltonian constraint (2.4) reduces to
Hgr = − 1
2κγ2
ǫijkEai E
b
j√
h
F kab (2.6)
Now, similar to the 3+1 dimensional LQC, we consider a massless scalar field φ coupled to the gravity field. It is
quite obvious that the total Hamiltonian reads
HT = − 1
2κγ2
ǫijkEai E
b
j√
h
F kab +
p2φ
2
√
h
(2.7)
Here the pφ is the conjugate momentum of scalar field φ. The commutation relation between φ and pφ reads {φ, pφ} =
1. In the cosmological model, this Hamiltonian therefore reduces to
HT = − 1
κγ2
c2 +
p2φ
2p2
(2.8)
thus the equation of motion for p reads
p˙ = {p,HT} = 1
γ
c (2.9)
By using the Hamiltonian constraint we can easily yield 2+1 dimensional Friedman equation
H2 =
(
p˙
p
)2
=
1
γ2p2
c2 = κ
p2φ
2p4
= κρ (2.10)
where the H = a˙a is the Hubble parameter and the matter density in 2+1 dimension by definition is ρ =
p2φ
2p4 .
B. Classical theory directly from action
The connection dynamics discribed in the last section can also be derived directly from action of cosmological case.
By using the cosmological line element (2.5), the three dimensional scalar curvature reads
R = 2
(
2a¨
N2a
+
a˙2
N2a2
− 2N˙ a˙
N3a
)
(2.11)
4Thus the action becomes
S =
V0
8πG
∫
dtNa2
(
2a¨
N2a
+
a˙2
N2a2
− 2N˙ a˙
N3a
)
= − V0
8πG
∫
dt
a˙2
N
(2.12)
Here we use the fact that
√−g = Na2r and the coordinate volume V0 =
∫
drdθr. From now on, we will assume
V0 = 1 by a rescaling. In addition, we also fix the lapse function N = 1. Thus the resulting gravitational Lagrangian
density reads
Lgrav = − a˙
2
κ
(2.13)
where κ = 8πG. We take the scale factor a as a canonical variable, then its conjugate momentum reads
pa =
∂Lgrav
∂a˙
= −2 a˙
κ
(2.14)
this canonical conjugate pair satisfies the following commutation relation
{a, pa} = 1 (2.15)
The Hamiltonian of the gravitational part is
Hgrav = a˙pa − Lgrav = −κ
4
p2a (2.16)
In order to match the Ashtekar formalism in the last subsection, we introduce a new set of canonical variables p = a
and c = γa˙ = −κγ2 pa. Note that {a, pa} = 1, it is easy to see the Poisson bracket between new variables reads
{c, p} = κγ
2
(2.17)
and the gravitational part of the Hamiltonian with these new variables becomes
Hgrav = − 1
κγ2
c2 (2.18)
which coincides with the gravitational part of Eq.(2.8)
III. QUANTUM THEORY
In order to implement the Hamiltonian constraint at quantum level, we need to rewrite the Hamiltonian constraint
with a suitable manner. This is essentially because that the classical Hamiltonian constraint involves inverse of the
determinate of 2-metric and thus can not be promoted as a well defined operator on the kinematic Hilbert space. In 3+1
dimensional LQG this difficulty can be overcome through the well know classical identity 12ǫ
ijk ǫabcE
b
jE
c
k√
q =
1
κγ {Aia, V },
where the q denotes for the determinant of three metric and V is the volume operator. However, this expression does
not work in 2+1 dimension, since we have 1κγ {Aia, V } =
habE
b
i√
h
as noted in [16]. Fortunately, also as noted in [16], a
deformed formula will help us to resolve this problem. The key point is introducing a quantity called the degenerate
vector
Ei =
1
2
ǫijkǫabE
a
jE
b
k (3.1)
which can be expressed via Thiemann trick as
Ei =
1
2(κγ)2
ǫijkǫ
ab{Aja, V }{Akb , V } (3.2)
On the other hand the F iab can be expressed by
F iab = −2 lim
Ar→0
Tr
(
hλ
jk
− 1
λ2
0ωja
0ωkb τ
i
)
= ǫijk
sin2(λc)
λ2
0ωja
0ωkb (3.3)
5where we consider a square jk in the i-j plane, every edge of the square has length λV0 with respect to the fiducial
metric and the Ar denotes the area of the square. With these two basic ingredients in hand, and taking into account
the fact that the original Hamiltonian constraint can be rewritten in a compact form[16]
Hgr =
FiE
i
√
h
(3.4)
with Fi =
1
2ǫ
abF iab, the gravitational part of Hamiltonian constraint becomes
1
Hgr = − 1
κγ2
∫
d2x
FiE
i
√
h
=
2
κ3γ4λ4
ǫijǫklTr
(
hλ
ij
hk{h−1k ,
√
V }hl{h−1l ,
√
V }
)
(3.6)
where
hλ
ij
= hihjh
−1
i h
−1
j (3.7)
denotes the holonomy along a closed loop ij .
To quantize the cosmological model, we first need to construct the quantum kinematics of 2+1 dimensional cosmol-
ogy by mimicking the loop quantum cosmology in 3+1 dimension. This quantum kinematics Hilbert spaces constitutes
the so-called polymer-like quantization for gravity part while Schrodinger representation is adopted for scalar field.
The kinematical Hilbert space for the geometry part can be defined as Hgrkin := L2(RBohr, dµH), where RBohr and
dµH are respectively the Bohr compactification of the real line and Haar measure on it [6]. On the other hand, for
convenience we choose Schrodinger representation for the scalar field [9]. Thus the kinematical Hilbert space for the
scalar field part is defined as in usual quantum mechanics, Hsckin := L2(R, dµ). Hence the whole Hilbert space of 2+1
dimensional LQC is a direct product, HBDkin = Hgrkin ⊗ Hsckin. Now let |µ〉 be the eigenstates of pˆ in the kinematical
Hilbert space Hgrkin such that
pˆ|µ〉 = 2πGγ~µ|µ〉 = ~κγ
4
µ|µ〉.
Then these eigenstates satisfy orthonormal condition
〈µi|µj〉 = δµi,µj , (3.8)
where δµi,µj is the Kronecker delta function rather than the Dirac distribution. In 2+1 dimensional quantum gravity,
the length, area operators are quantized just like their counterparts in 3+1 dimension, the spectrum of length operator
reads[14]
L = κ~
∑
j
√
j(j + 1) (3.9)
where the j is half integers. This equation tells us the existence of minimal length gap, which is given by
L =
√
3
2
k~ ≡ 4
√
3πℓP (3.10)
Note that the quantization of area refers to physical geometries in 3+1 dimensional LQC[11], thus we adopt the similar
argument in our 2+1 dimensional LQC. we should shrink the loop ij till the edge of the loop, which is measured
by the physical metric qab, reaches the value of minimal length L. Since the physical length of the elementary cell is
|p| and each side of ij is λ times the edge of the elementary cell, we use a specific function ν¯(p) to denote λ, and
similar to that in [11], we have
ν¯(p)|p| = L ≡ 4
√
3πℓp (3.11)
For the convenience of studying quantum dynamics, we define new variables
v :=
√
3
γ
sgn(p)ν¯−2, b := ν¯c,
1 we adopt the convention
τj = −
i
2
σj
Tr(τiτj) = −
1
2
δij
Tr(τiτjτk) = −
1
4
ǫijk (3.5)
6where ν¯ = L|p| with L = 4
√
3πℓp being a minimum nonzero eigenvalue of the length operator [8]. They also form a
pair of conjugate variables as follows
{b, v} = 2
~
.
It turns out that the eigenstates of vˆ also forms an orthonormal basis of the kinematic Hilbert space of gravity part
Hgrkin. We denote |φ, v〉 as the generalized orthonormal basis for the whole Hilbert space Hkin. In the following, we
often abbreviate |φ, v〉 as |v〉 in the case of without confusion. The action of volume operator on this basis reads
Vˆ |v〉 = γL
2
√
3
|v||v〉 (3.12)
In (b, v) representation, the Hamiltonian constraint can be reformulated as
H = − 1
κγ2
c2 +
p2φ
2p2
= − 1√
3κγ
b2|v|+
( √
3
γL2
)
p2φ
2|v| (3.13)
At the quantum level, we use the commutator to replace the Poisson bracket to get the exact expression of Hamiltonian
constraint
Hˆgr =
8
κ3γ4ν¯4~2
sin2(ν¯c)
(
sin(
ν¯c
2
)
√
V cos(
ν¯c
2
)− cos( ν¯c
2
)
√
V sin(
ν¯c
2
)
)2
= sin(ν¯c)Fˆ sin(ν¯c) (3.14)
where the action of Fˆ on a quantum state Ψ(v) is defined by
FˆΨ(v) = − 1√
3κγ
v2
(√
|v − 1| −
√
|v + 1|
)2
Ψ(v) ≡ F (v)Ψ(v) (3.15)
This operator acts on a quantum state Ψ(v) ∈ Hkin, yielding a similar difference equation as in 3+1 dimensional LQC
HˆgrΨ(v) = f+(v)Ψ(v + 4) + f0(v)Ψ(v) + f−(v)Ψ(v − 4) (3.16)
where
f+(v) = −1
4
F (v + 2) =
1
4
√
3κγ
(|v + 2|)2
(√
|v + 1| −
√
|v + 3|
)2
f0(v) =
1
4
F (v + 2) +
1
4
F (v − 2)
f−(v) = −1
4
F (v − 2) (3.17)
Now we turn to the inverse volume operator. As such, we first have the following classical identity
|p|−1/2 = sgn(p) 8
3κγν¯
Tr
∑
j
τ jhj{h−1j , V 1/4}
 (3.18)
Note that under the replacement {, } → 1i~ [, ], we have
Tr
∑
j
τ jhj [h
−1
j , V
1/4]
 = 3
2
(
sin(
ν¯c
2
)V
1
4 cos(
ν¯c
2
)− cos( ν¯c
2
)V
1
4 sin(
ν¯c
2
)
)
(3.19)
Since in classical situation we have V −1 = |p|−2, it is easy to see that the action of inverse volume operator on a
quantum state Ψ(v) reads
V̂ −1Ψ(v) =
(
4
κγL~
)4(
γL2√
3
)3
v2
∣∣∣|v + 1| 14 − |v − 1| 14 ∣∣∣4Ψ(v)
=
(
16
√
3
γL2
)
v2
∣∣∣|v + 1| 14 − |v − 1| 14 ∣∣∣4Ψ(v)
:= B(v)Ψ(v) (3.20)
7It is noteworthy that in the large v region, the eigen value of the inverse volume operator V̂ −1 turns out to be( √
3
γL2
)
1
|v| (3.21)
Now we come to the singularity resolution issue. In order to deal with this delicate issue, we take the same strategy
adopted in [12]. Namely, we first need to make some reasonable simplifications for our quantum Hamiltonian constraint
such that the whole system is exactly solvable. Then we discuss the issue of singularity resolution within this exactly
solvable formalism[12]. According to [12], we first make the following replacements:
B(v) 7−→
( √
3
γL2
)
1
|v| ,
and
F (v) 7−→ − 1√
3κγ
|v|.
The first replacement amounts to assuming O( 1|v| )≪ 1, which in turn implies the validity of the second replacement.
In the corresponding quantum theory, we denote quantum state Ψ(v) ≡ Ψ(v, φ) for short. Then the simplified
Hamiltonian constraint equation reads
∂2Ψ(v)
∂φ2
= ΘˆΨ(v), (3.22)
where
ΘˆΨ(v) =
κ
2
v sin(b)v sin(b)Ψ(v)
=
κ
8
v [(v + 2)Ψ(v + 4)− 2vΨ(v) + (v − 2)Ψ(v − 4)]
≡ (
3∑
i=1
Θˆi)Ψ(v). (3.23)
This give us a Klein-Gordon type equation for the quantum dynamics of 2+1 dimensional LQC coupled with a massless
scalar field. The physical state should satisfy the “positive frequency” square root
− i∂φΨ(v) =
√
ΘΨ(v). (3.24)
Here it is noteworthy that there is a superselection, i.e., for each ǫ ∈ [0.4) the states Ψ(v) supported on points
v = 4n + ǫ are preserved under dynamics. Thus without loss of generality we will fix ǫ = 0 and the inner product
between two physical states is given by
(Ψ1,Ψ2)phy =
1
π
∑
v=4n
1
|v| Ψ¯1(v)Ψ2(v) (3.25)
Note that |0〉 is excluded out of the physical Hilbert space, since it has zero norm. In addition, (b, v) constitutes a
canonical conjugate pair, thus the Fourier transforms Ψ(b) has a support on the interval (0, π).
Ψ(b) :=
∑
v=4n
e
i
2
vbΨ(v) (3.26)
the inverse transformation reads
Ψ(v) =
1
π
∫ π
0
dbe−
i
2
vbΨ(b) (3.27)
Now let us set χ(v) = 1πvΨ(v), then the constraint becomes a second-order differential equation
∂2φχ(b) = 2κ (sin(b)∂b)
2 χ(b) (3.28)
To make this equation more simpler, we introduce a following new variable x
x =
1√
2κ
ln
(
tan(
b
2
)
)
(3.29)
8Then the constraint Eq. (3.28) becomes the Klein-Gordon equation
∂2φχ(b) = ∂
2
xχ(b) := −Θχ(b) (3.30)
The physical Hilbert space consists of positive frequency solutions to Eq. (3.30), which satisfy
− i∂φχ(b) =
√
Θχ(b) (3.31)
In fact, we can further decompose the solution into left and right moving sectors χ(x) = χL(x+) + χR(x−), where
x± = φ± x. Moreover, we note that there is a symmetry on the solution χ(x)[12], i.e. χ(−x) = −χ(x). Thus we can
make a further decomposition χ(x) = 1√
2
(F (x+)− F (x−)), with F (x±) being positive/negative frequency solutions
to Eq.(3.30). The physical inner product now becomes
(χ1, χ2)phy = i
∫ ∞
−∞
[
(∂xF¯1(x+))F2(x+)− (∂xF¯1(x−))F2(x−)
]
dx (3.32)
Thus the expectation value of the volume operator reads
〈Vˆ 〉|φ := (χ, Vˆ |φχ)phy = γL
2
√
3
(χ, |vˆ|χ)phy
= i
γL2√
3
∫ ∞
−∞
[
(∂xF¯ (x+))(vˆF (x+))− (∂xF¯ (x−))(−vˆF (x−))
]
dx
=
γL2√
6κ
∫ ∞
−∞
[
(∂xF¯ (x+)) cosh(
√
2κx)∂xF (x+) + (∂xF¯ (x−)) cosh(
√
2κx)∂xF (x−)
]
dx
=
2γL2√
6κ
∫ ∣∣∣∣∂F∂x
∣∣∣∣2 cosh(√2κ(x− φ))dx
= V+e
√
2κφ + V−e−
√
2κφ (3.33)
where
V± =
2γL2√
6κ
∫ ∣∣∣∣∂F∂x
∣∣∣∣2e∓√2κxdx (3.34)
From Eq.(3.33), it is easy to see the expectation value of Vˆ has a nonzero minimum
Vmin = 2
√
V+V− (3.35)
Thus we can see that all states undergo a big bounce rather than experience a singularity. Now we turn to another
important observable: matter density ρ = 〈ρ|φ0〉. Note that the classical definition of matter density reads ρ =
p2φ
2V 2 .
Thus in order to carry out the expectation value of ρ, we first need to know the matrix elements of the observable pˆφ,
which are given by
(F1, pˆφF2)phy = ~
∫
dx(∂xF¯1(x))∂xF2(x) (3.36)
Combining all the ingredients above, we can readily calculate the expectation value of matter denstiy at the moment
of φ0 with a fixed state χ(x) =
1√
2
(F (x+)− F (x−))
ρ = 〈ρ|φ0〉 =
(〈pˆφ〉)2
2(〈Vˆ 〉)2
=
3κ~2
4γ2L4
[∫
dx|∂xF |2
]2
[∫
dx|∂xF |2 cosh(
√
2κx)
]2
≤ 1
κγ2L2
= ρc (3.37)
where the fact cosh(
√
κx) ≥ 1 has been used in the second line. Interestingly, the upper-bound of the matter density
we obtained here coincides with that we yield from the effective Friedmann equation(see section V).
9IV. EFFECTIVE HAMILTONIAN
The effective description of LQC is a delicate and valuable issue since it may relate the quantum gravity effects to
low-energy physics. The effective Hamiltonian of LQC has been studied from canonical perspective[23–26] as well as
path integral perspective[27–31].
With the help of the Hamiltonian constraint equation (3.22), The effective Hamiltonian can be derived within the
timeless path integral formalism. In the timeless path integral formalism, the transition amplitude is equivalent to
the physical inner product [27, 28], i.e.,
Atls(vf , φf ; vi, φi) = 〈vf , φf |vi, φi〉phy = lim
αo→∞
∫ αo
−αo
dα〈vf , φf |eiαCˆ |vi, φi〉, (4.1)
where Cˆ = Θˆ + pˆ2φ/~
2. As already has been shown in Refs.[28, 29], by multiple group averaging and complete basis
inserting, we need to calculate
〈vf , φf |e
i
N∑
n=1
ǫαnCˆ |vi, φi〉 =
∑
vN−1,...v1
∫
dφN−1...dφ1
N∏
n=1
〈φn|〈vn|eiǫαnCˆ |vn−1〉|φn−1〉. (4.2)
Note that the action of the constraint operator Ĉ now has been separated into matter part and gravitational part, so
the exponential on each kinematical space can be calculated separately. To be more precise for the matter part one
gets
〈φn|eiǫαn
p̂2
φ
~2 |φn−1〉 =
∫
dpφn〈φn|pφn〉〈pφn |eiǫαn
p̂2
φ
~2 |φn−1〉
=
1
2π~
∫
dpφne
iǫ(
pφn
~
φn−ϕn−1
ǫ
+αn
p2
φn
~2
). (4.3)
For the gravity part, note that we have the following identity∫
dφn〈φn|〈vn|e−iǫαnΘˆ|vn−1〉|φn−1〉 = δvn,vn−1 − iǫαn
∫
dφn〈φn|〈vn|Θˆ|vn−1〉|φn−1〉+O(ǫ2). (4.4)
Then, the matrix elements of Θˆ can be calculated by using Eq.(3.23), which gives us∫
dφn〈φn|〈vn|Θˆ1|vn−1〉|φn−1〉
=
κ
16
vn−1
vn + vn−1
2
(δvn,vn−1+4 − 2δvn,vn−1 + δvn,vn−1−4)
=
1
2π~
∫
dφndpφne
iǫ(
pφn
~
φn−φn−1
ǫ
) κ
16
vn−1
vn + vn−1
2
(δvn,vn−1+4 − 2δvn,vn−1 + δvn,vn−1−4),
With the above results and the following formula
1
4
(δvn,vn−1+4 − 2δvn,vn−1 + δvn,vn−1−4) =
1
π
∫ π
0
dbne
−ibn(vn−vn−1)/2 sin2(bn),
Eq.(4.4) can be expressed as∫
dφn〈φn|〈vn|e−iǫαnΘˆ|vn−1〉|φn−1〉
=
1
2π~
∫
dφndpφne
iǫ(
pφn
~
φn−φn−1
ǫ
) 1
π
∫ π
0
dbne
−ibn(vn−vn−1)/2
[
1− iαnǫ κ
16
vn−1
vn + vn−1
2
4 sin2 bn
]
.
10
Collecting all the above ingredients, we can write the transition amplitude as
Atls(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
(
ǫ
N∏
n=2
1
2αno
)∫ αNo
−αNo
dαN ...
∫ α1o
−α1o
dα1
×
∫ ∞
−∞
dφN−1...dφ1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1
∑
vN−1,...,v1
(
1
π
)N ∫ π
0
dbN ...db1
×
N∏
n=1
exp iǫ
[
pφn
~
φn − φn−1
ǫ
− bn
2
vn − vn−1
ǫ
+ αn
(
p2ϕn
~2
− κ
16
vn−1
vn + vn−1
2
4 sin2 bn
)]
.
By taking the ‘continuum limit’ we finally get a path integral formulation as
Atls(vf , φf ; vi, φi)
= c
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp
(
i
~
∫ 1
0
dτ
[
pφφ˙− ~b
2
v˙ + ~α
(
p2ϕ
~2
− κ
4
v2 sin2 b
)])
,
where c is an overall constant. Hence, the effective Hamiltonian constraint in our simplified 2+1 dimensional model
can be simply written as
Ceff = −κ
4
v2 sin2 b+
p2ϕ
~2
.
It is easy to see from the above expression that the classical Hamiltonian constraint (3.13) can be recovered from
Ceff up to a factor
1
|v| in the large scale limit as sin b→ b. Thus the above quantum model has correct classical limit.
On the other hand, in order to achieve the effective Hamiltonian constraint for the original model in the previous
sections, the proper time of isotropic observers should be respected. The factor 1|v| then has to be multiplied to Ceff .
As a result, we obtain
HF = − 1√
3κγ
|v| sin2 b+ γL
2|v|√
3
ρ,
where the matter density is defined by
ρ =
p2φ
2|p|4 =
3p2φ
2v2γ2L4
. (4.5)
Note that the above effective Hamiltonian can also be obtained form the classical Hamiltonian (3.13) by the heuristic
replacement b→ sin b. Hence the classical Hamiltonian constraint can be recovered from the effective HF in the large
scale limit.
V. EFFECTIVE EQUATION
By employing the effective Hamiltonian HF and symplectic structure of 2+1 dimensional loop quantum cosmology,
we can easily get equation of motions for v and φ respectively as
v˙ = {v,HF } = 4√
3~γκ
|v| sin(b) cos(b), (5.1)
φ˙ =
√
3pφ
γL2|v| . (5.2)
where pφ is a constant of motion, and φ can be viewed as an emergent time variable. It is easy to see that Eq.(5.1)
leads to
H2 =
(
v˙
2v
)2
=
4
3~2γ2κ2
sin2(b) cos2(b). (5.3)
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TABLE I. Some differences between 2+1 dimensional LQC and 3+1 dimensional LQC.
2+1 dimension 3+1 dimension
Thiemann trick Ei = 1
2(κγ)2
ǫijkǫ
ab{Aja, V }{A
k
b , V }
1
2
ǫijk
ǫabcE
b
jE
c
k√
q
= 1
κγ
{Aia, V }
Geometric variable p a a2
Representation ν¯ = L
p
µ¯ =
√
∆
p
Poission bracket between basic variables {c, p} = κγ
2
{c, p} = κγ
3
Inverse volume V −1
(
8
3κγν¯
)4
Tr
(∑
j τ
jhj{h
−1
j , V
1/4}
)4 (
4
κγµ¯
)3
Tr
(∑
j τ
jhj{h
−1
j , V
1/3}
)3
Heuristic replacement c → sin(ν¯c)
ν¯
c → sin(µ¯c)
µ¯
On the other hand, the effective Hamiltonian constraint HF = 0 can be rewritten as
− 1√
3κγ
|v| sin2 b + γL
2|v|√
3
ρ = 0 (5.4)
which gives us
sin2 b =
ρ
ρc
(5.5)
where 2+1 dimensional critical matter density is defined by ρc =
1
κγ2L2 . With the help of this equation, the square
of the Hubble parameter can be rewritten as
H2 = κρ
(
1− ρ
ρc
)
(5.6)
This equation has the same form as in 3+1 dimension except some difference on the coefficient. From Eq. (5.6), it is
easy to see that v˙ = 0 at the point of ρ = ρc, which reminds us of the existence of a quantum bounce at that point.
To see this is really the case, we can calculate the second derivative of v
v¨ = {v˙, HF } = − 8√
3~2γκ
|v|
(
1− 2 ρ
ρc
)
(5.7)
Obviously, v¨ = 8√
3~2γκ
|v| 6= 0 at the point of ρ = ρc, which implies a quantum bounce occurs. Moreover combining Eq.
(5.6) with the continuity equation in 2+1 dimension, ρ˙+2H(ρ+ p) = 0, we can obtain 2+1 dimensional Raychauduri
equation with loop quantum correction
a¨
a
=
v¨
2v
−H2 = κρ
(
1− ρ
ρc
)
− κ(ρ+ p)
(
1− 2ρ
ρc
)
(5.8)
VI. CONCLUSION
In this paper, we give a detailed construction of the 2+1 dimensional LQC. We start from the classical Hamiltonian
constraint, and then by employing the polymer quantization for the geometry sector we obtain the difference equation
which represents the evolution of the 2+1 dimensional Universe. In order to have an effective description of 2+1
dimensional LQC, we generalize the path integral formalism of LQC to 2+1 dimension and use it to derive the
effective equations of 2+1 dimensional LQC. Our result shows that the classical singularity is again replaced by a
quantum bounce. Now let us be back to the questions raised in the introduction. From the effective equation (5.6) it
is easy to see that in 2+1 dimension the bounce structure is just the same as that in 3+1 dimension. This similarity
can be traced back to the holonomy correction. However, another important correction, i.e., the so-called inverse
volume correction is quite different from that in 3+1 dimension, thus is explicitly spacetime dimension dependent.
Moreover, in order to compare 2+1 dimensional LQC with 3+1 dimensional LQC, we list TABLE I to demonstrate
the differences between these two theories in a more transparent way.
Our work opens a window to touch the issues of LQC with the spacetime dimension other than four. In the present
paper, we focus mainly on the 2+1 dimensional case. On the other hand, nowadays, higher dimensional cosmology
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becomes more and more popular. Some higher dimensional cosmological models provide a natural explanation of
cosmic accelation[32]. Hence it is also very interesting to investigate the issue of the higher dimensional LQC.
Recently, LQG has been generalized to arbitrary spacetime dimension by Thiemann et. al[33–36], which in turn offers
a possibility to explore the issue of higher dimensional LQC.
It is worth noting that recently a novel numerical technique called Chimera[37, 38] developed by Singh et. al. is
used to confirm the existence of a quantum bounce beyond the effective equation level in 3+1 dimension, especially
for states with a wide spread. It will be interesting to generalize this formalism to 2+1 dimension. We would like to
leave this interesting and delicate topic for future study.
Another interesting topic is to link the LQC with LQG. In 3+1 dimensional case, some efforts have been made
towards this direction[39, 40]. However, due to the extremely complicated nature of quantum dynamics, a fully
satisfactory derivation of LQC from LQG is still lacking. Since it is well known that 2+1 dimensional quantum
gravity is an exactly solvable model, we hope it can shed some lights on this important issue.
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